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Background
Error correcting codes are evaluated by

m Error correcting capability
(e.g., Decoding error rate, the number of correctable errors)
m Code rate

Once error correcting capability is fixed, we should design a code with
large rate.

[Definition] Rate of r-ary code
m[r]:={0,1,2,...,r—1}
m C C [r]" : rary code of length n
m |C] : cardinality of the code (or number of codewords)

1
(Rate) := log, |
n

The rate is derived from the cardinality of the code.
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Derivation of Cardinality
Linear Codes
m Defined by the parity check matrix H
C:={x cF'|Ha! =07}
m Most of error correcting codes are linear codes
m Cardinality is easily derived from code length n and rank of H
|C| _ Tn—rank(H)
Number Theoretic Codes
m Defined by one or more congruences p;(x) = a; (mod m;)

pi: [r]" = Z
C:={xe[r]"|pi(x)=a1 (mod my),p2(x) =as (mod ms),...}

m Most of deletion correcting codes are number theoretic codes
m Derivation of cardinality is not easy problem

C| =

How to derive the cardinalities of number theoretic codes?
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Example: Cardinality of Binary VT Code

Binary VT Code [Varshamov-Teneholtz1965]

BVT,(n) :={x =222 -2, € {0,1}" | 1" jiz; =a (mod n+ 1)}

a€{0,1,...,n}

= Single insertion/deletion correcting code [Levenshtein1966]

n=3 n=4 ’

BVTy(3) = {000,101}, BVTy(4) = {0000,1001,0110,1111},

BVT,(3) = {100,011}, BVT;(4) = {1000,0101, 1110},

BVTy(3) = {010,111}, BVT2(4) = {0100,1101,0011},

BVT3(3) = {110,001} BVT3(4) = {1100,0010, 1011},
BVT,(4) = {1010,0001,0111},

m Cardinality depends on not only code length n but also parameter a.
m Which parameter a achieves the maximum cardinality (i.e., rate)? J
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Cardinality of Binary VT Code

[Ginzburg1967], [Stanley-Yoder1972]

1
- - (n41)/d
IBVT,(n)] T D) E cq(a)2
d|(n+1),d:odd

B D 4|(n+1),diodd EXPresses summation over odd d that divides (n + 1)

m ¢4(a) : Ramanujan’s sum

m ged(a,b): Greatest common divisor of a and b
m (n): Mdbius function

m ¢(n): Euler's totient function
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Cardinality of Binary VT Code

[Ginzburg1967], [Stanley-Yoder1972]

1
- - (n41)/d
IBVT,(n)] T 1) E cq(a)2
d|(n+1),d:odd

Outline of Derivation:

Calculating Hamming weight enumerator
n

H(BVT,(n);z) = Z V(@) — Z Azt

x€BVT,(n) =0

wt(x): Hamming weight (the number of non-zero entries) of x
A; : the number of codewords of weight ¢ in BVT,(n)

Deriving cardinality by the following identity

H(BVT.(n);1)= >  1=[BVT4(n)|
xEBVTq(n)
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Binary Linear Congruence Code

Binary Linear Congruence (BLC) Code [Bibak-Milenkovic2018]
m A general class of number-theoretic code

m Binary code defined by a linear congruence

BLCy(n,m,h) :={x e {0,1}" | >/, hjz; =a (mod m)}

binary linear congruence

h = (h,h,..., hy) €N?

[Bibak-Milenkovic2018] derived weight enumerate of BLC Code J

Codes included in BLC code
m VT code {x € {0,1}" | > iz; =a (mod n+ 1)}
m Levenshtein code {x € {0,1}" | >°7" ;| iz; = a (mod m)}
m Helberg code
m Odd coefficient code {x € {0,1}" | > ;(2i — 1)z; = b (mod R)}
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Binary Linear Congruence Code

Binary Linear Congruence (BLC) Code [Bibak-Milenkovic2018]
m A general class of number-theoretic code

m Binary code defined by a linear congruence

BLCy(n,m,h) :={x e {0,1}" | >/, hjz; =a (mod m)}

binary linear congruence

h = (h,h,..., hy) €N?

However, BLC code does not contain several number-theoretic codes.
(Example) Tenengolts' Non-binary code [Tenengolts1984]
Non-binary code defined by two non-linear/linear congruences

Top(n,r)={x e [r]" |v(x)=a (modn),o(x)=>b (modr)}

r-ary non-linear cong. linear cong.
pp— n_l y . .
m () =)oy il{ws > i} 1 P s true
(non-linear mapping) n [{P} = _
n 0 P is false
mo(x) =) i i
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Purpose and Outline of This Talk

Purpose of this research }

Deriving the cardinality of the Tenengolts' non-binary code

Define SC code
N m More general class of number
theoretic code
m Include Tenengolts' non-binary code

,—|SC code

+ Binary VT code

+ Levenshtein code .
 Helberg code Weight enumerator for SC code

- 0dd coefficient code - Weight enumerator for Tenengolts'’
+ Tenengolts’ Non-binary code non—binary code

- Shifted VT code

\ Non-binary shifted VT code )

Cardinality for Tenengolts' non-binary
code
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Non-binary Simultaneous Congruences Code

Non-binary simultaneous congruences (SC) code
Forall 1<i<s, p;i: [r]" = Z

r-ary s non-linear congruences
Copam(n,m)={x € [r]"| pi(x) =ar (mod my),

p2(x) = ay (mod my),

ps(x) =as (mod my)}

Comparison with BLC code

‘ H defined by ‘

BLC Code || binary single linear congruence
SC Code r-ary  multiple non-linear congruences

Note: SC code is a generalization of BLC code
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Codes included in SC code

Cpam(n,r)={z €[r]" | pi(z) =a
p2(x) = az
ps(x) = as

Codes included in SC code
=2
m Shifted VT code

(mod myq),

(mod my),

(mod my)}

Yoijiz;=a; (mod R), >, =ap (mod 2)

m Tenengolts’ non-binary code

S til{a; >z} = ar (mod n), Y, x; = ay (mod 1)

s=3
m Non-binary Shifted VT code
S bil{a; > xi1} = ay (mod R),

Z?z_ll x; > xip1} = ag (mod 2), >, z; =ag (mod r)
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Extended Weight Enumerator

[Definition] Extended weight enumerator

uz= (zlasz"'vzs)
B w= (W, W1,...,Wr—1)
m 7j(x) := |{i | ; = j}| : number of entries which equals to j in @

Wp(praqm(n’ ’l“); z, w) = Z H sz () H T](iB

x€Cp a,m(n,r)i=1

[Example] Extended weight enumerator for Tenengolts’ NB code

Ta17a2 (n,r) = {CC € IIT]]n ’ ’Y(m) = a1 (mOd n), 0’(113) = ao (mod 7’)}

r—1
Wy o(Tay as(n,7); (21, 22), w) = Z P (w)z;( x) H w;'j(:c)
€T aq, a4 (n,7) 7=0

v
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Example of Extended Weight Enumerator

[Example] Tenengolts' non-binary code (n = 3,7 = 3)

To0(3,3) = {000,012, 111,210,222}

z || v(x) o(x) | o) 7(x) m(x) z;(m)zg(w) H?:O 3
000 0 0 3 0 0 wi
012 0 3 1 1 1 zg’wowlwg
111 0 3 0 3 0 Buwd
210 3 3 1 1 1 23 Z3wowi wo
22 0 6 0 0 3 w3
W’y,a (T0,0<3v 3)a (Zla 22)3 w) l Z

= wg + zg’wowlwg + zg’wi’ + zio’zg’wowlwg + zgwg’

n—1 n
v(x) = ZZ]I{I‘Z > Tiy1}, o(x) = sz
i=1 i=1
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Property of Extended Weight Enumerator

Extended weight enumerator is a generalization of Hamming weight
enumerator

H(Cp.am(n,7);w) = Wy(Cp.am(n,r); 1, w")

1:= (1,17...,1), w* = (1,’11),’11),...,11})

Wp(pra,m(n,r);z,w): Z (sz w)) ( 70 () Hw )

2€Cp,a,m(n,r) \i=1

H(Cpﬂ,m(nv T); ’LU) = Z ,wth(:c)

2€Cp,a,m(n,7)

Note: wy (@) = Y51 75(x).
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Extended weight enumerator for SC code

Theorem 1

Wp(Cpﬂ m(n r); 2 w)

= Z Z ZW ([r]"; ze(k/m), )Hn:”ll e(_cz'zi

ki=1ko=1  ks=1 i=1

).

where ze(k/m) := (z1e(k1/m1), zae(ka/ma), ..., zie(ks/ms)).

Remark: Weight enumerator for SC code W, (C\ a.m(n,7); 2, w) is
derived from Weight enumerator for whole space W, ([r]"; z, w)

e(2/6), | e(1/6)
mi=y-1

me(L) =exp[2mil] e(3/6) ¢(0/6)
m m
(points of unit circle on complex
plain)

e(4/6)° | *e(5/6)
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Proof of Theorem 1
Lemmas to derive Theorem 1

Condition of summation is written by an indicator function:

Yo )= f@IzeC]

zeCC[r]» ier]™

If C:={x|Vie{l,2,...,s} pi(x)=a; (mod m;)}, then

Iz € C] = H]I[pz =a; (mod m;)]

[[A=B (modm)]=I[(A—B)=0 (mod m)]
1 m
L (55)
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Wiy (Cp.am(n,r); z,w)

- ¥ wr(w)ﬁzfm
i=1

x€Cp a,m(n,r)

) S

O Z w™ @z € Cpam(n,r)] Hzpi(m)
ze[r]m
@ Z w™® (H {pi(x) =a; (mod m; }) (ﬁ Zfi(m)>
zer]™ =1
T(x — kl - i(@
zw“(nmj (ode) et} ([0
zc[r]™ ki=1 i=1

w® > _az i z( )k pi(x
ace[[r]]" " (1 1k;= 17; i ) <p i )ZZ | )>
s —ak; . ; pi(x)
Sz (I () e (G

xze[r]n =1

:Z...Z T e (25 ) Wil ze e /m). )

[1);
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Cardinality of Tenengolts’ non-binary code

Theorem 3

For any a; € [n],as € [r], the cardinality of Tenengolts’ non-binary code
is

Ty (n,7)] = 1z > calar)ri ged(r,d)I{d | n}I{ged(r, d) | az}.

nr
dezZ+

Corollary 1

Let n,7 € Z", a1 € [n] and ay € [r]. For any n,r, a1, az, the following
holds

’T070(n, ?") ’ > ‘TGI,GZ (nv 7“) ‘

Note: ¢4(0) > cq(a) for all a € Z.
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Example:

Tay,a2(3,3) = {x e [[3]]3 | v(x) =a1 (mod 3),0(x) =az (mod 3)}

a2 == 0 a,2 = 1 a2 frmd 2
{000,012, 111,
210, 229} {001,022,112} | {002,011, 122}
ar=1| {102,201} | {100,202, 211} | {101,200, 212}
ai =2 | {021,120} | {010,121,220} | {020,110, 221}

a1:0

From Theorem 3,
‘Ta1,a2 (37 3)’ = % Zd|3 33/dcd<a1) ng(S, d)]I{ng(?), d) ‘ a2}
=3c1(a1) + {3 | az}es(ar)
Note that ¢1(0) = 1,¢3(0) = 2,¢3(1) = ¢3(2) = —1. We get
5, ifa1 =0 and GQZO,
|Ta1,a2(3’3)| = 2, if a] = 1,2 and ag = O,
3, ifaz=1,2.
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Derivation of the cardinality of Tenengolts' non-binary code

Tara0(n,m) ={x e r]" |v(x) =a1 (mod n),c(x)=az (modr)}

Deriving the extended weight enumerator for [r]"

Wi (Ir]": (g, 2), w)
Calculating the Hamming weight enumerator for Ty, 4,(n,7)

H(Talm (n,7);w)
= W%U(Tal,az (n, T’); (17 1)7 'w*)

g - n * ]' a a
=30 S Wl (e, e(22)), w) —e (— k) ¢ (a2
k1=1ko=1
Deriving the cardinality

|Ta1,a2 (n7 T)| = H(Tahaz (nv 7”); 1)
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Extended Weight Enumerator of Whole Space (Notation)

m Let 7;(x) be number of symbol j in sequence x € [r]", i.e.,

mi(x) = [{i € {1,2,....n} | z; = j}
(Example) 70(1020) = 2,71(1020) = 1,72(1020) = 1
m The type of sequence x is
(ro(x), 11(x), ..., 7r—1(x))

(Example) Type of sequence 1020 is (2,1,1).
m Denote the set of sequences with type ¢, by S(¢) i.e.,

S(t) = {z : (ro(2), 11(),...,7r1(z)) = t}

(Example) S(2,1,1) =
{0012, 0021, 0102, 0120, 0201, 0210, 1002, 1020, 1200, 2001, 2010, 2100}
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Extended Weight Enumerator of Whole Space

Lemma 2 [Ch.VI, MacMahon1915]

T e [n]q: [l (@ - 1)

) g 15 [Ty (¢F — 1)

w T, = {(to,t1, s tr1) € Lo : Yoo ti = n},

Lemma 5

r—1
Wyo ([ (g, 2), w) = > m [ wli=

teTy q 5=0
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Proof: From Lemma 2

x i it |m -
Wa(SW®): (0. 2),w) = 3 @@ ] wlizlts = [t] I w?=.

xzeS(t) j€lr] 9 jelr]

Since [r]" = User, S(t) and S(t) N S(t') = 0 for t # ¢/,

Wao ([T (4, 2),w) = - Wao(S(8); (4, 2), w)

teT,

Combining these

Wa o (] (g, 2),w) = > W, 4(S(); (g, 2), w)

teT,
= E " H wt,jzjtj
t J
teTy 9 jelr]
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Derivation of the cardinality of Tenengolts' non-binary code

Deriving the extended weight enumerator for [r]™
¢
R e S A (%
teln,r q j=0
Calculating the Hamming weight enumerator for Tq, 4, (n,7)

H(Tahaz (n T);w)

=S 3D W el () ) e (Y o ()

k1=1ko=1

Deriving the cardinality

|Ta1,a2 (nv ”")| = H(TahC’Q (nv ’I"); 1)
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Hamming weight enumerator for Tenengolts’ NB-code
Lemma 6
For any k1 € [n], k2 € [r], we get

Wi o ([r]™; (e(22), 2), w) = <Zie[rﬂ(wizi)m>g0d(n’kl)

Proof: The following holds (generalization of [Hagiwara—Kong2019])'

1 Jelr] — JE[[T’]] 14d |t
qﬁéf?/d)[ t q t/d H t ),

i€]r]

For a fixed k1, define d := 5= Then, e(k1/n) is a primitive d-th root
of unity. Lemma 5 gives

W o (7 (e(12), 2),w0) = 3 (”/d) TT w’=1d | 1)

teTy / JElr]
o \n/d
= > (nt//d> IT (w29 = (Eie[[r]] wflzm> :
t'ET, /4 jelr]
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Hamming weight enumerator for Tenengolts’ NB-code
Theorem 2: Hamming weight enumerator

H(Tal,GQ (TL r Z Z al Ce a2)

dEZ+ Jd|n e€Zt e|r

X {1 — w? + rwil{e | d}}%,

Outline of Proof: Using the following properties

H(Tay a5 (1 Z ZW, ([17s (e(5), e(%2)), w™)
ki1=1ko=1

i _ak _asky
ane( 11)6( 22)

o (015 () e () w) = (1= w0 oo | ha)) ™

cala)= D e (%)

jeﬂl,d]],(j,d)=1
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Conclusion

m We derived a formula of extended weight enumerator of the SC code

m We provided the Hamming weight enumerators of the Tenengolts’
non-binary codes

m We gave the cardinalities of the Tenengolts’ non-binary codes
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